Introduction
Over the years, significant progress has been made on the solutions of the integrable open spin-1/2 XXZ quantum spin chain, in particular those with general or nondiagonal boundary terms. These works resulted in a number of approaches and methods which have been utilized in the solutions of the spectrum of the model. They include solutions obtained via certain functional relations obeyed by the transfer matrix of the model [1] for various special cases, such as that with boundary parameters obeying certain contraints [2] - [7] or that with root of unity values for the anisotropy parameter [8] . Works on the open XXZ spin chain such as that based on the deformed Onsager algebra [9, 10, 11] and solutions from functional relations based on Yang-Baxter algebra for the open XXZ model with general boundary terms [12] have also shed light on the nature of the solutions obtained for the open spin XXZ spin chain. Further, an interesting method based on (generalized) coordinate Bethe ansatz has been used in solving the open XXZ spin chain (among others) with nondiagonal boundaries in [13, 14] . More recent works based on the separation of variables method [15, 16, 17] and the inhomogeneous T-Q equation approach [18] have served as important advancements to understand this crucial model.
Extension of the spin-1/2 solutions of the XXZ spin chain to include arbitrary spin s (s = , . . .) have also received considerable interest. In [19] , the Bethe ansatz solution for the open XXZ spin chain with alternating spins was constructed utilizing the method of [3] . This solution relies on a certain constraint among the boundary parameters. In [20] , a generalization of this constraint was found as well as a second set of Bethe ansatz equations necessary to obtain all the eigenvalues. One application of such a solution of the open XXZ chain with arbitrary spin is, the s = 1 case enables one to investigate the boundary version of the supersymmetric sine-Gordon model [21] - [23] . In particular, the Bethe ansatz solutions of the open spin-1 XXZ chain have been used to derive the nonlinear integral equations for the supersymmetric sine-Gordon model [24, 25] .
Motivated by these studies, we revisit a solution of an open spin-s XXZ spin chain studied in [26] . We extend the anisotropy parameter values to include η = iπ r q , where r and q are positive integers with q assuming odd integer values. While the solution given here has been tested and verified for any positive integers r, we shall restrict our attention to only values of r < q. To avoid duplication, only the irreducible fractions for r q are considered. Part of the motivation to consider this problem is that to the extent that a number can be approximated by a rational number, this should in principle extend the solutions in [26] to include a larger class of imaginary values of η than was presented earlier. Although in a recent important advance [18] , the solution for arbitrary values of η and the boundary parameters is given, with an unconventional term in the Bethe equations, we feel that it is worthwhile to present 1 some special cases whose solutions are expressible in the form of the conventional Bethe ansatz equations. This paper is arranged as follows: In Sec. 2, the transfer matrix of the open XXZ spin chain [27] is briefly reviewed. This is followed by the Bethe ansatz solution for the open XXZ spin chain model with arbitrary spin for the case with two arbitrary boundary parameters for the anisotropy parameters η = iπ r q , where r and q are positive integers (with q assuming any odd positive integers) in Sec. 3. Numerical support for the solution is presented in Sec. 4, using s = 1 as example, for some selected values of number of sites N, η and the boundary parameters. Some concluding remarks and potential future works follow in Sec. 5.
Transfer matrices
We present here a brief review on the commuting transfer matrices for N-site open XXZ quantum spin chain. The spin-1/2 transfer matrix t ) (u), whose auxiliary space as well as each of its N quantum spaces are two-dimensional is given by [27] 
where the trace is taken over the "auxiliary space" 0. T 0 (u) andT 0 (u) are the monodromy matrices given by
2)
The R matrix is given by
where η is the bulk anisotropy parameter; and K ∓ (u) are 2 × 2 matrices whose components are given by [28, 29] 
and
where α ∓ , β ∓ , θ ∓ are the boundary parameters.
Using the fusion procedure [30] , one can similarly construct the open chain transfer matrix t (j,s) (u), whose auxiliary space is (2j + 1)-dimensional and each of its N quantum spaces are (2s + 1)-dimensional [31, 32, 33] . The transfer matrix has the commutativity property for j, j
, . . .} and any s ∈ { 1 2 , 1,
Furthermore, they also obey the fusion hierarchy [31, 32] ,
In (2.7), j = 1, 3 2 , . . .. In addition, t (0,s) = 1, and δ (s) (u) is given by
where ξ(u) = sh(u + η) sh(u − η). To avoid any unnecessary repetition, we urge the readers to refer to [20] where the details on such a construction can be found.
Bethe ansatz
Here we give the main result of this paper. Essentially, we revisit the Bethe ansatz solution derived earlier in [26] for spin-s XXZ chain with nondiagonal boundary terms, using the method in [3] , for cases with two arbitrary boundary parameters, one from {α ± } and the other from {β±}, e.g. {α + , β − }, etc. We also set θ − = θ + = θ, where θ is arbitrary. In [26] , we considered the case where η = iπ q , where q assumed odd positive integer values. We note that the solution presented here, while bears resemblance to that given in [26] , is worth reporting since it includes a wider class of (imaginary) values of the anisotropy parameter η(= iπ r q ) that we did not consider before, where r q refers to an irreducible fraction. Also, to the extent that a number can be approximated by a rational number, this should in principle extend the solutions in [26] to include a larger class of imaginary values of η than was presented in [26] .
The transfer matrix eigenvalues for one of the cases considered in [26] where η = iπ q and where one of the {α ± } and one of the {β ± } are taken to be arbitrary, are given by
for some given function h(u), which is given in [26] .
We find that the form (3.1) also hold when η(= iπ r q ) where for this case,
for odd integer values of r and
for even integer values of r. The function Q(u) however has the same structure as in [26] and is given by,
where
It can be noted that Q(u) has the 2iπ-periodicity and the crossing symmetry, Q(−u + (q − 1)η) = Q(u). {u j } are the Bethe roots which are also the zeros of Q(u). We remark that α can be any one from {α ± } and β can be any one from {β ± } respectively. We recall here that the fraction r q is irreducible. For rescaling purpose, if one divides (3.1) by the factor
)η) 2N , (3.1) assumes the following familiar form (see [26] ) in terms of the eigenvaluesΛ
where now
for even integer values of r. The analyticity ofΛ
,s) (u) gives the following Bethe ansatz
The above solution is confirmed numerically for small values of N and q for s = 1/2 , 1 , 3/2.
Note that the h(u) (and thereforeh(u)) are not quite the same for the two groups of r values in the above results.
4 Hamiltonian, energy eigenvalues and numerical results for open spin-1 XXZ quantum spin chain.
A brief review of the open spin-1 XXZ quantum spin chain is desirable at this point. The Hamiltonian is given by
where the bulk term H n,n+1 [35] and the boundary term H b [20, 34] are given by,
respectively. In (4.2) and (4.3), the following definitions are used, 4) where S are the su(2) spin-1 generators and S ± = S x ± iS y . The coefficients {a i } in the boundary terms at site 1 are functions of the boundary parameters (α − , β − , θ − ) and the bulk anisotropy parameter η. They are given by,
Similiarly, the coefficients {b i } at site N are functions of the boundary parameters (α + , β + , θ + ) and η, are given by the following correspondence,
Next, we proceed to find an expression for the eigenvalues of the Hamiltonian (4.1) for the case considered here, namely with two arbitrary boundary parameters, one from {α ± } and the other from {β±}, e.g. {α + , β − }, etc. We set θ − = θ + = θ, where θ is arbitrary. The anisotropy parameter η is set to be η = iπ r q . The energy eigenvalues in terms of the rescaled transfer matrix eigenvaluesΛ (1,1) (u) is given by,
where 
The rescaled spin-1 transfer matrix eigenvalues are given by
where γ = sh(2u) sh(2u+2η)
[sh u sh(u+η)] 2N and Λ (1,1) (u) is given by the result from fusion hierarchy (2.7). The analytic form of the energy eigenvalues in terms of Bethe roots {u k } then follows from (4.8),
2 , (4.14)
We recall that M = 2N + q − 1. The expression (4.14) is derived here for even positive integer values of r. Similar result can be derived when r assumes odd positive integers. This can then be used in the computation of complete energy levels from the Bethe roots given by (3.9). We tabulate the energies computed from the Bethe roots {u k }, using (4.14) for some values of N , q , r (therefore η) and the boundary parameters {α ± , β ± , θ ± } in Table 1 . These numerical results provide support to the completeness of the Bethe ansatz equations, (3.9). We have verified that the energies given in Table 1 coincide with those obtained from direct diagonalization of the open spin-1 XXZ chain Hamiltonian (4.1).
Conclusion
A Bethe ansatz solution of an open spin-s XXZ quantum spin chain with nondiagonal boundary terms, derived from certain functional relations which the "fundamental" transfer matrices, t
,s) (u) obey at roots of unity is revisited. The solution is used to include a wider class of anisotropic parameter η, namely η = iπ r q
, where r and q are positive integers with q assuming the odd integer values and r q corresponds to irreducible fractions. To the extent that a number can be approximated by a rational number, this should in principle extend the solutions in [26] to include a larger class of imaginary values of η than was presented earlier in [26] . In addition, we feel it is worthwhile to present some special cases whose solutions are expressible in the form of the conventional Bethe ansatz equations. These considerations have motivated the present work. The solution found here is for cases with two arbitrary boundary parameters, one from {α ± } and the other from {β±}. It has been checked numerically for chains of length up to N = 5. Numerical evidence for the completeness of the Bethe ansatz solution (using s = 1 as an example) is provided in Table 1 .
There remain problems that are worth investigating. It would be interesting to similarly investigate the solutions of the open quantum spin chain with alternating spins with nondiagonal boundary terms. One could also attempt to study the thermodynamics of such a model. Furthermore, Bethe ansatz solutions for open spin-1 XXZ quantum spin chain can be used to investigate the supersymmetric sine-Gordon model with boundaries via their nonlinear integral equations. It would be desirable to use the solution presented here to carry out such an analysis. We hope to address these questions in future. 
